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Περίληψη

Το κείμενο αυτό προέρχεται από μαθήμα-
τα που έδωσα για τους μαθητές και τις μα-
θήτριες των προχωρημένων Μαθηματικών του Ευ-
ρωπαϊκού σχολείο Βρυξελλών ΙΙΙ και πραγματεύε-
ται τον χαρακτηρισμό των φυσικών αριθμών που μ-
πορούν να γραφούν ως άθροισμα τετραγώνων δύο
άλλων φυσικών.To prìblhma pou ja ma apasqol sei ed¸ e�nai to ex :Problhma Gia poiou fusikoÔ arijmoÔ n up�rqounakèraioi x kai y tètoioi ¸ste x2 + y2 = n?To prìblhma e�nai paliì. Apì ton Diìfanto, �sw kaiprin, mèqri ton Fermat kai ton Euler o opo�o telik� kaidhmos�euse thn pr¸th pl rh apìdeixh. Ja arq�soume meduo parathr seiParathrhsh 1 An oi arijmo� x kai y e�nai kai oi duo�rtioi   kai oi duo peritto�, tìte kai o arijmì n ja e�-nai �rtio. An oi arijmo� x kai y e�nai diaforetik  ar-tiìthta x = 2k kai y = 2m + 1 tìte èqoume, x2 + y2 =

4k2 +4m2+4m+1 = 4(k2 +m2 +m)+1 = 1(mod4). 'Et-si den e�nai dunatìn o n na e�nai perittì th morf  4k+3.'Eqoume loipìn to ex  pr¸to sumpèrasma:(P1) Oi akèraioi th morf  4k + 3 den gr�fontai w�jroisma duo tetrag¸nwn .Parathrhsh 2 Apì thn gnwst  tautìthta
(a2 + b2)(c2 + d2) = (ac − bd)2 + (ad + bc)2èpetai ìti, an duo arijmo� gr�fontai w �jroisma duotetrag¸nwn tìte kai to ginìmenì tou gr�fetai ep�shw �jroisma duo tetrag¸nwn. Me �lla lìgia: An onom�-soume S to sÔnolo twn akera�wn pou gr�fontai w �jro-isma duo tetrag¸nwn, tìte to S e�nai kleistì w pro tonpollaplasiasmì.

Aut  h parat rhsh ma epitrèpei na esti�soume thnprosoq  ma stou pr¸tou arijmoÔ pou gr�fontai w�jroisma duo tetrag¸nwn, mia kai k�je �llo akèraiogr�fetai w ginìmeno pr¸twn.Ja exet�soume loipìn tou pr¸tou th morf  4k+1kai ja prospaj soume na doÔme poioi apì autoÔ gr�-fontai w �jroisma duo tetrag¸nwn .Gia na mhn èqete agwn�a, sa lèw ìti ìloi oi pr¸toith morf  4k+1 gr�fontai w �jroisma duo tetrag¸nwn.'Estw loipìn èna pr¸to arijmì p th morf  4k+1.Zht�me na apode�xoume ìti up�rqoun fusiko� arijmo� x kai
y tètoio ¸ste na isqÔei x2 + y2 = p.A ergasjoÔme sto (Zp,+, .) twn akera�wn modulo pto opo�o, ìpw gnwr�zoume, e�nai s¸ma. 'Eqoume loipìn:
x2 + y2 = p ⇔
x2 + y2 = 0(modp)⇔
(xy−1)2 + 1 = 0(modp),  an jèsoume, xy−1 = w, w2 + 1 = 0(modp)   tèlo
w2 = −1(modp).'Ena pr¸to jèma e�nai to ex :Erwthma Up�rqei stoiqe�o w ∈ Zp tètoio ¸ste

w2 = −1(modp)?Kai p�li h ap�nthsh e�nai {nai} kai ja to apode�xoumeamèsw t¸ra qrhsimopoi¸nta, metaxÔ �llwn, kai toje¸rhma tou Wilson:O p e�nai th morf  4k + 1, �ra p − 1 = 4k kai p−1
2 = 2k:Apì to je¸rhma tou Wilson èqoume (p− 1)! = −1(modp)kai, epeid  oi arijmo� 1,2, ..., p−1, e�nai an� duo ant�jetoi,mporoÔme na gr�youme:
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)2 = −1(modp)'Eqoume,  dh, proqwr sei arket�. E�dame ìti up�rqeièna toul�qiston w ∈ Zp tètoio ¸ste w2 +1 = 0(modp).Mia kai to (Zp,+, .) e�nai s¸ma, to w ja gr�fetai sthnmorf  xy−1 opìte h prohgoÔmenh sqèsh ja gr�fetai

(xy−1)2 + 1 = 0(modp) 
x2 + y2 = 0(modp)  tèlo

x2 + y2 = np me n ∈ N1



Apì ta di�fora x, y pou ikanopoioÔn thn teleuta�a aut sqèsh up�rqoun duo "arket� mikr�� ¸ste h sqèsh aut  naisqÔei me n = 1. H ap�nthsh e�nai kai p�li {nai} (s merae�nai h tuqer  ma hmèra) all� èqete l�gh upomon  giat�h apìdeixh den e�nai polÔ eÔkolh. Qrei�zontai duo l m-mata: èna tou GermanoÔ Johann Peter Gustav Lejeune

Dirichlet (1805-1859) kai èna tou NorbhgoÔ Axel Thue(1863-1922) (polÔ wra�a kai ta duo)

Johann Peter Gustav Lejeune Dirichlet (1805-1859)L mma 1 (Dirichlet). Gia k�je ξ ∈ R kai k�je H > 1up�rqoun a ∈ N kai b ∈ N tètoioi ¸ste na isqÔoun: b <Hkai ∣bξ − a∣ ≤ 1
H
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b
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bH
)Ja to apode�xoume l�go pio k�tw all� pr¸ta ja doÔme p-w to qrhsimopo�hse o Axel Thue gia na apode�xei to dikìtou l mma, to opo�o odhge� amèsw kai sthn apìdeixh thprìtash pou ma endiafèrei ed¸.

Axel Thue (1863-1922)L mma 2 (Thue)(mia diatÔpwsh) 'Estw p èna fusikìarijmì gia ton opo�o up�rqei x tètoio ¸ste
x2 = −1(modp)Ja up�rqoun tìte akèraioi u kai v tètoioi ¸ste u2+v2 = pApodeixh tou Lhmmato tou Thue Ja efarmìsoumeto L mma tou Dirichlet me H = √p kai ξ = x

p
. Ja up�r-qoun a ∈ Z kai b ∈ N tètoioi ¸ste na isqÔoun: b < √pkai ∣bx
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  tèlo ∣bx − ap∣ < √pJètoume t¸ra u = ∣bx − ap∣ , v = b kai èqoume

u2 + v2 = ∣bx − ap∣2 + b2 =

b2x2 + a2p2 − 2bxap + b2 =
b2(x2 + 1)(modp) = 0(modp)(jumhje�te ìti x2 = −1(modp)). Ep�sh u < √p kai

v = b < √p �ra u2 + v2 < p + p = 2p. Me l�ga lìgia o
u2 +v2 e�nai pollapl�sio tou p kai mikrìtero tou 2p �ratelik� u2 + v2 = p ? 'Etsi loipìn, k�je pr¸to arijmì pth morf  4k+1, gr�fetai w �jroisma duo tetr�gwnwn.EÔkola t¸ra katal goume sto ex  sumpèrasma:� Oi monadiko� fusiko� akèraioi pou den gr�fontai w�jroisma duo tetr�gwnwn e�nai auto� twn opo�wn han�lush tou se ginìmeno pr¸twn paragìntwn per-ièqei ènan toul�qiston par�gonta th morf  4k+3se perittì ekjèth.Ja apode�xoume amèsw kai L mma tou Dirichlet ¸ste namhn me�nei kanèna skoteinì shme�o. Apodeixh tou Lhm-mato tou Dirichlet Jètoume

N = [H] + 1([H] to akèraio mèro tou H) kai jewroÔme tou N sepl jo akèraiou :
0ξ, 1ξ, 2ξ, ..., (N − 1) ξkaj¸ kai tou N + 1 se pl jo arijmoÔ:

A0 = 0ξ − [0ξ]
A1 = 1ξ − [1ξ]
A2 = 2ξ − [2ξ]

...

AN−1 = (N − 1) ξ − [(N − 1) ξ]kai
1Oi arijmo� auto� an koun, ìloi, sto di�sthma [0,1], �ra,an qwr�soume to [0,1] se N upodiast mata m kou 1/Nduo toul�qiston apì autoÔ ja an koun sto �dio up-odi�sthma An oi duo auto� arijmo� e�nai oi λξ − [λξ] kai

κξ − [κξ] me λ < κ < N − 1 ja èqoume jètonta b = κ − λkai a = [κξ] − [λξ]
0 < b < N − 1 = [H] + 1 − 1 = [H] ≤Hkai
∣κξ − [κξ] − (λξ − [λξ])∣ ≤ 1

N  ∣κξ − [κξ] − (λξ − [λξ])∣ ≤ 1
N

  tèlo ∣bξ − a∣ ≤ 1
N
< 1

HShmeiwsh: To l mma tou Dirichlet e�nai polÔ genikì kaija to qrhsimopoi soume kai alloÔ!2


